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Abstract
Let Γ be a infinite countable group which acts naturally on ℓp(Γ). We introduce a
modification of mean dimension which is an obstruction for ℓp(Γ) and ℓq(Γ) to be Ho¨lder
conjugates.
Re´sume´
Sur une modification Ho¨lder covariante de la dimension moyenne. Soit Γ un groupe
de´nombrable infini qui agit naturellement sur ℓp(Γ). Nous introduisons une obstruction,
proche de la dimension moyenne, au fait que ℓp(Γ) et ℓq(Γ) soit Ho¨lder conjugue´s.
1 Introduction
The Lipschitz and uniform classification of Banach space and their spheres is well-understood
(see [1]), few things are known on their Ho¨lder-continuous classification. By making hypothesis
of a more dynamical nature on the map, we present here some obstructions on the existence of
equivariant Ho¨lder-continuous maps between balls of Banach spaces.
Let 1 ≤ p ≤ ∞ and Γ be an infinite countable group. Mean dimension (which is only defined
when Γ is amenable) is a topological invariant of metric spaces with group action introduced in
[3]. It turns out to be inappropriate to tell apart the dynamical systems given by the unit balls
of ℓp(Γ;R) when endowed with the natural action of Γ and the product topology (induced from
[−1, 1]Γ). Recall that ℓp(Γ;R) is the subset of the set of functions Γ→ R such that
∑
γ∈Γ |f(γ)|
p
is finite. For f such a function and γ ∈ Γ then the natural action is defined by γf(·) = f(γ−1·).
Note that for the natural metric coming from the ℓp norm the action of Γ is isometric, whereas
for any metric compatible with the product topology it is not.
When p <∞ these dynamical systems are topologically equivalent, as can be seen by using
the Mazur map (see below). We briefly recall that mean dimension itself turns out to be
insufficient as all elements are sent to 0 by the action. By [4, §5] the mean dimension is 0. In [3,
§1.6], an alternative construction of mean dimension is attempted, but to no avail (see [5]). The
one we present here works as long as metrics of type (1) are used. Introducing a variant of mean
dimension will enable us to distinguish these dynamical systems without requiring amenability
of Γ.
As we are speaking of Ho¨lder maps, it is important to specify the metrics used. Consider
on Bℓ
p
1 := {x ∈ ℓ
p(Γ;R)| ‖x‖ℓp ≤ 1}, the metric d
{Fi},{ai} defined as follows. Let {Fi}i≥1 be
a sequence of finite sets such that ∪Fi = Γ. Let {ai}i≥1 be a summable sequence of positive
real numbers normalized so that if σk =
∑
i≥k ai, then σ1 = 1. Let r ∈ [1,∞). Recall that
‖x1 − x2‖
r
ℓr(Fi)
=
∑
γ∈Fi
|x1(γ)− x2(γ)|
r. Now, let
d{Fi},{ai},r(x1, x2) =
(∑
i≥1
ai
1
|Fi|
‖x1 − x2‖
r
ℓr(Fi)
)1/r
. (1)
We will allow r =∞ in order to consider the metric d{Fi},{ai},∞(x1, x2) =
∑
ai ‖x1 − x2‖ℓ∞(Fi).
Usually, the ai are chosen to be 2
−i−1. The normalization σ1 = 1 is made so that the diameter
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of the unit ball remains less than 2. Notice that d{Fi},{ai}(x1, x2) ≤ 2σk+1 if x1 and x2 start to
differ on Fk+1, but are identical when restricted to the Fj for j ≤ k. The topology coming from
these metrics is the same as the one induced by the product topology (or the weak-∗ topology).
The result presented here holds if one replaces R and | · | by a finite-dimensional V with a
norm ‖·‖. However, this makes calculations in Lemma 3.1 slightly more tedious, and we will
avoid this unnecessary complication.
Theorem 1.1. Let Γ be an infinite countable group. Let p, q ∈ [1,∞[. Let Bℓ
p
1 and B
ℓq
1 be
unit balls of ℓp(Γ;R) and ℓq(Γ;R) respectively, both endowed with the action of Γ and metrics of
the type (1). When q > p, there is no Γ-equivariant Lipschitz homeomorphism f : Bℓ
p
1 → B
ℓq
1 .
Moreover, if αq > p there is no Γ-equivariant map f : Bℓ
p
1 → B
ℓq
1 which is Ho¨lder continuous of
exponent α.
For certain metrics, the Mazur map is a limit case for the above theorem. Indeed, let
φ : ℓp → ℓq be defined for x ∈ ℓp(Γ,R) by φ(x)(γ) =
(
x(γ)
)p/q
.Then, φ(Bℓ
p
1 ) = B
ℓq
1 and φ is
a Γ-equivariant homeomorphism which is Ho¨lder continuous of exponent α = p/q if the metric
d{Fi},{ai},p is used on the source and d{Fi},{ai},q on the image (cf. [1, §9.1]). Recall (cf. [1, thm
2.3]) that any uniformly continuous map (for the norm topology) from Bℓ
p
1 → ℓ
q is uniformly
approximated by Ho¨lder continuous maps.
The obstruction that is exhibited here is very crude. For example, Γ is not required to be
amenable and the group structure is almost secondary. In fact, all we really need to know is
whether the quantity covariant under Ho¨lder-continuous equivariant maps is 0 or > 0.
2 Dynamical covariant
We will be using maps that are close to be injective.
Definition 2.1. Let Y be a topological space. Let (X, d) be a metric space and ǫ ∈ R>0. Then
we say a map f : X → Y is an ǫ-embedding if it is continuous and the diameter of the fibers is
less than ǫ, i.e. ∀y ∈ Y,Diam f−1(y) ≤ ǫ.
When one is interested in compression algorithms, it is not only important that the com-
pression map has “small” fibers (so that not too much data is lost) but also has an image which
is “small” in some sense (so that the compression is effective). The next definition attempts to
capture the relation between these two features.
Definition 2.2. Let (X, d) be a metric space. Call wdim ǫ(X, d) the smallest integer k such that
there exists an ǫ-embedding f : X → K where K is a k-dimensional polyhedron.
wdim ǫ(X, d) = inf
X ǫ→֒K
dimK.
The function ǫ 7→ wdim ǫ(X, d) is always decreasing. We can now make the construction
that will detect obstructions.
Definition 2.3. Let f : Pfinite(Γ) → R>0 a decreasing function ( i.e. A ⊂ B ⇒ f(A) ≥ f(B)),
then the asymptotic measure with profile f will be defined for an increasing sequence of finite sets
Ωi (whose size tends to ∞) by
ampf(X : {Ωi}) = lim sup
i→∞
wdim f(Ωi)(X, dΩi)
|Ωi|
∈ [0,+∞].
where dΩ is the dynamical distance: dΩ(x, x
′) = sup
γ∈Ω
d(γx, γx′).
The quantity obtained certainly lacks topological invariance and depends on the sequence
chosen, but it is nevertheless useful.
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Proposition 2.4. Let f : (X, d) → (X ′, d′) be a Γ-homeomorphism of metric spaces endowed
with an action of Γ whose modulus of continuity is ωf . If there exists an increasing function
ψ : R≥0 → R≥0 such that limǫ→0 ψ(ǫ) = 0, and that ωf (ǫ) ≤ ψ(ǫ), then
ampψ◦f(X
′ : {Ωi}) ≤ ampf(X : {Ωi}).
Proof. The inequality
d′(f(x), f(y)) ≤ ωf (d(x, y)) ≤ ψ(d(x, y))
passes to dΩ and d
′
Ω. This yields
wdim ψ(ǫ)(X
′, d′Ωi) ≤ wdim ǫ(X, dΩi),
by composing any ǫ-embedding on X by f−1. Choosing ǫ = f(Ωi) and passing to the limit gives
the claimed inequality.
Denote by B
ℓp(n)
r the subset of Rn of ℓp norm less than r. The definition of ampf is made to
use the following result from [5, corollary 1.1] or [2, proposition 1.3].
Proposition 2.5. For all ǫ ∈ R>0 and all integers n ≥ 1 and 0 ≤ r ≤ n− 1,
wdim ǫ(B
ℓp(n)
1 , ℓ
∞) =


0 if 2 ≤ ǫ
r if 2(r + 1)−1/p ≤ ǫ < 2r−1/p
n if ǫ < 2n−1/p
.
3 Evaluation of ampf
Lemma 3.1. Let Γ be an infinite countable group, let {Ωi} an increasing sequence of finite
subsets, let p ∈ [1,∞[, let Bℓ
p
1 be the unit ball of ℓ
p(Γ;R) endowed with a metric of the type (1)
and of the natural action of Γ. For c ∈ R>0 and q ∈ [1,∞[, define the profile fc,q(Ω) = c|Ω|
−1/q.
Then
ampfc,q(B
ℓp
1 : {Ωi})
{
> 0 if p ≥ q
= 0 if p < q
Proof. The arguments that will be used are independent of the choice of the parameters entering
in the definition of the metric (1), which is surprising. We shall abbreviate d′ = d{Fi},{ai},r
We will exhibit a lower and an upper bound. Both use proposition 2.5 to evaluate wdim of
a ball in (Rn, lp). This proposition can be rewritten as: for 0 ≤ k < n
k < (ǫ/2)−p ≤ k + 1⇔ wdim ǫ(B
ℓp(n)
1 , ℓ
∞) = k.
Consequently,
min
((
ǫ
2
)−p
− 1, n
)
≤ wdim ǫ(B
ℓp(n)
1 , ℓ
∞) < min
((
ǫ
2
)−p
, n
)
.
This said, we start with the lower bound. This is pertinent only if p ≥ q. The argument reduces
to the construction of an injection which increases distances. Let σ′ =
∑
i≥1 ai/|Fi| for r < ∞
and when r = ∞ take σ′ = σ1 = 1. Then, for g ∈ F1, (B
ℓp(Ω−1i g;R)
σ′ , ℓ
∞) injects in (Bℓ
p
1 , d
′
Ωi
) by
defining the function to be 0 outside Ω−1i g. This gives
∀k ≥ 1, min
(
(ǫ/2σ′)−p, |Ωi|
)
≤ wdim ǫ(B
ℓp(Ω−1i g,R)
σ′ , ℓ
∞) ≤ wdim ǫ(B
ℓp
1 , d
′
Ωi
).
Next, dividing both sides by |Ωi|, taking ǫ = c|Ωi|
−1/q and passing to the limit yields
lim sup
i→∞
min
(
(2σ′/c)p|Ωi|
p
q
−1, 1
)
≤ ampfc,q(B
ℓp
1 , d
′).
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As p ≥ q the left-hand side is greater than min
(
(2σ′/c)p, 1
)
.
The upper bound, which is of interest only if p ≤ q, is obtained by looking at the restriction
of (Bℓ
p
1 , d
′
Ωi
) to (B
ℓp(Ω−1i Fk,R)
1 , ℓ
∞). If ǫ > σk+1, this gives a 2ǫ-embedding for (B
ℓp
1 , d
′
Ωi
) given any
ǫ-embedding f of (B
ℓp(Ω−1i Fk,R)
1 , ℓ
∞). Indeed, the ℓ∞ norm is bigger than d′Ωi on the restricted set
and the restriction map is such that if itself and f both have fibers of size ǫ then the composition
has fibers of size at most 2ǫ. Thus, when ǫ > σk+1,
wdim 2ǫ(B
ℓp
1 , d
′
Ωi) ≤ min(ǫ
−p, |Ω−1i Fk|).
For i fixed, take ǫ(i) = c|Ωi|
−1/q and k(i) such that ǫ(i) > σk(i)+1. In particular, when i → ∞,
ǫ(i)→ 0 and k(i)→∞. After division by |Ωi| and taking the limit, we see that
ampfc,q(B
ℓp
1 , d
′) ≤ lim sup
i→∞
min
((
2
c
)p
|Ωi|
p/q−1,
|Ω−1i Fk(i)|
|Ωi|
)
.
When p < q this tends to 0. If p = q, things behave differently: the right-hand term is only
bounded by
(
2
c
)p
.
4 Proof of the theorem
If f : X → X ′ is Ho¨lder continuous of exponent α ∈ (0, 1) or Lipschitz (this corresponds
to α = 1), ∃c′ ∈ R>0 such that the modulus of continuity ωf is bounded by ψ(ǫ) = c
′ǫα.
Thus, proposition 2.4 gives that ampψ◦fB
ℓq
1 ≤ ampfB
ℓp
1 , in other words, that ampfc′cα,r/αB
ℓq
1 ≤
ampfc,rB
ℓp
1 . Taking p = r, and thanks to lemma 3.1, we must have that αq ≤ r = p to avoid a
contradiction.
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